How MANY PRIME NUMBERS EXIST?

| A reminder of an important fact:

The Fundamental Theorem of Arithmetic
Every integer greater than 1 can be factored into a product of prime
numbers in only one way.

Examples: Determine the prime factorization of each number below.
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To investigate how many prime numbers exist, let’s see what happens if we imagine that there is
only a fixed number of specific primes!

Could 2, 3 and 5 be the only prime numbers?

Let’s assume that 2, 3 and 5 are the only prime numbers.
What is the value of 2-3-57
When we divide 2-3-5 by 2, 3 or 5, the remainder is .
What about 2-3-5+ 17 Its value is
When we divide 2-3-5+1 by 2, 3 or 5, the remainder is .
Based on the above result, can 2-3-5+ 1 be expressed as a product of our primes 2, 3

and 57

Does the value of 2-3-5+ 1 have any whole number factors other than 1 and itself?

So, what can we conclude about the number 2-3-5+17

What does this conclusion tell us about our original assumption that 2, 3 and 5 are the
only prime numbers?



Another possible outcome...

Could 2. 3. 5, 7,11 and 13 be the only prime numbers?

Let’s assume that 2, 3, 5, 7, 11 and 13 are the only prime numbers.
What is the valueof 2-3-5-7-11-137

When we divide 2-3-5-7-11-13 by 2, 3, 5, 7, 11, or 13, the remainder is __ .
What about 2-3-5-7-11-13+ 17 Its value is

When we divide 2-3-5-7-11-13+1 by 2, 3, 5, 7, 11 or 13, the remainder is ____ .

Based on the above result, can 2-3-5-7-11-13+ 1 be expressed as a product of our
primes 2, 3, 5, 7, 11 and 137

Do you think that 2-3-5-7-11-13+1 is a prime number?

Calculate the product of the numbers 59 and 509. The result is . How does
this result affect your answer to the question above? (Note: 59 has no factors other than
1 and itself. The same is true for 509).

Write the prime factorization of 2-3-5-7-11-13+1.

2:3-5-7-11-13+1=

What does the above result tell us about our original assumption that 2, 3, 5, 7, 11 and
13 are the only prime numbers?



THE MoOST FAMOUS PROOF IN HISTORY

Theorem
There are infinitely many prime numbers.

Proof

For a contradiction, assume that there are only finitely many prime

numbers. Specifically, let’s say that there are exactly k prime numbers.

325 BC - 265 BC

Let p,,p,, py,...,p, be the complete list of prime numbers.

Now, consider the number N, which is the product of all the prime numbers. That is,

N —

Therefore,
N+1 =

Now, since N +1 is a positive integer, it must be either prime or composite.

Case 1: N + 1 is prime:

N +1 is a prime number that is than any of our other prime numbers.

Therefore,

Case 2: N + 1 is composite:

When N +1 is divided by p,, p,, p;,... or p,, the remainder is . Therefore, of our
k prime numbers divide N +1.

But, N +1 is , which means it is the product of primes other than 1 and itself.
So, there must be another that divides N + 1.

Therefore,

In either of the above cases, we have contradicted our assumption that p,,p,,p;,...,p, are all of

the prime numbers.

Therefore, there must be prime numbers.
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